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ABSTRACT 


Title  of  Thesis;  Scattering  of  thelP.Meson  from  the  Deuterori . 

Anand  Kumar  Bhatia,  Doctor  of  Fhilosophy,  1962. 

Thesis  directed  by:  Associate  Professor  Joseph  Sucher  . 

A  simple  model  is  constructed  to  study  the  scattering  of  the 
K“-meson  from  the  deuteron.  This  model  does  not  treat  the  nucleon  as 
heavy  and  takes  into  account  the  multiple  scattering,  the  binding  energy 
corrections  and  the  contribution  from  the  off-energy  shell  scattering. 
The  scattering  prober  j.s  investigated  by  using  the  Watson  multiple 
scattering  expansion  .of  the  transition-operator  t.  Considering  the 
multiple  scattering  up  to  double  order  only,  the  t  ^matrix  is  written  as 
t=  tp  +  tn  +  tc  +  tr 

where  tp  and  tn  corresponds  to  the  single  scattering  of  the  K"-meson 
from  the  proton  and  the  neutron  in  the  deuteron.  tc  corresponds  to 
the  bound  state  contribution  and  tx  corresponds  to  the  continuum  state 
contribution  of  the  K  -meson  from  the  deuteron. 

The  interaction  K“-P  and  the  K~-N  is  taken  as  a  point  interaction 
and  is  of  the  form 

tp  =  -r  $/x) 

tn  =  t*  +-f/4) 

where  V  and  are  the  relative  co-ordinates  of  the  K  -meson  and  the 

—  ,  0  O 

nucleon  in  the  center  of  mass  system  of  the  K  -d.  tp  and  are  taken 
as  constants  and  are  determined  by  using  Dalitz  solutions  I  and  II 
given  by  Ross  and  Humphrey. 


The  potential  between  the  nucleons  in  the  deuteron  is  taken  as  a 
separable  non-local  potential  which  is  such  that  the  Hulthen  wave 
function  satisfies  the  Schrodinger  equation  for  the  bound  state  of  the 
deuteron. 

The  matrix  elements  corresponding  to  the  bound  state  and  the 
continuum  state  are  calculated  only  for  forward  scattering.  For  any 
other  scattering  angle  triple  integrals  are  obtained  and  need  too  much 
numerical  calculation. 

The  double  scattering  contribution  is  compared  with  the  Erueckner 
model  and  also  the  correspondence  between  the  two  models  is  studied. 

The  forward  differential,  elastic  and  total  cross  sections  are  cal¬ 
culated. 

The  correction  to  the  cross  sections  due  to  the  charge  exchange 
in  the  intermediate  state  is  calculated. 

The  results  of  this  model  are  compared  with  the  experimental  data 
of  the  K'-d  scattering  cross  sections  to  study  the  predictions  of  this 
model  and  to  find  the  favorable  Dalitz  solution. 
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CHAPTER  I 


INTRODUCTION 

As  neutron  is  not  available  in  a  free  state „  the  scattering  of 
the  mesons  from  neutron  has  always  been  studied  indirectly  mainly 
through  the  study  of  the  scattering  of  the  meson  from  the  deuteron. 

The  deuteron  is  taken  as  the  target  because  of  its  simple  structure  and 
also  because  it  is  a  loosely  bound  system  i.e.  the  average  separation 
of  its  constituents  is  large  compared  to  the  range  of  the  two-body  in¬ 
teraction  and  its  binding  energy  per  particle  is  small „  It  would  be 
expected  that  each  of  the  nucleons  in  the  deuteron  would  scatter  the  in¬ 
cident  particle  in  a  manner  not  much  different  from  the  way  a  free 
nucleon  would  scatter  the  incident  particle „ 

The  problems  of  nucl eon- deuteron ,  pion-deuteron„  and  kaon- 
deuteron  scattering  are  three- body  problems;  they  have  not  been  solved 
exactly.  Aside  from  this  basic  fact,,  many  of  the  physical  details  - 
spin  dependence  of  nucleon-nucleon  interaction,  the  presence  of  tensor 
forces  and  exchange  forces  in  the  nucleon-nucleon  interaction  -  in¬ 
volved  contribute  to  their  complexity.  Various  approximations  (the 

(1)  (2) 

resonating  group  structure  method  ,  the  Born  approximation  ,  the 


H.S.  Massey,  Prog,  in  Nucl,  Phys.,  2»  235  (1953)- 

> 

T.  Y.  Wu  and  J.  Ashkin,  Phys.  Rev.,  222*  986  (1948). 

G.  F.  Chew,  ibid.,  24.  809  (1948). 

F.  de  Hoffman,  ibid.,  2§.  216  (1950). 

R,  L.  Gluckstern  and  H.  A.  Bethe,  ibid.,  81,  ?6l  (1951). 
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(3)  .  (4) 

high  energy  approximation  ,  the  impulse  approximation  „  several 

(5) 

variational  procedures  )  have  been  applied  to  these  problems. 

One  of  the  approximations  that  has  been  applied  to  this  kind  of 

(6) 

problem  is  the  impulse  approximation  given  by  Chew  et  al.  In  this 
approximation!,  the  incident  particle  is  viewed  as  scattering  once  from 
either  of  the  two  nucleons  in  the  deuteron;  each  of  these  scatterings  is 
viewed  as  the  scattering  from  a  free  nucleon  whose  momentum  distribution 
is  that  of  the  actual  bound  nucleon.  The  only  role  played  by  the  intra*. 
deuteron  potential  is  the  determination  of  this  momentum  distribution. 
This  approximation  doer  indeed  lead  to  an  expression  (for  example)  for 
the  elastic  neutron -deuteron  scattering  cross  section  and  a  form 
factor  for  the  deuteron  structure.  But  this  approximation  neglects 
"potential"  effects,  multiple  scattering  effects  i.  e.  effects  due  to 
the  incident  particle'  s  -seatto-ing  more  than  once  fro n  the  individual 


3 

R.  J.  Glauber  ,  "High  Energy  Collision  Theory",  in  lectures  in  Theoreti¬ 
cal  Physics,  edited  by  Wesley  F„  Britt in  and  IAta  G.  Danham  (Interscience 
Publishers,  Inc„,  New  York,  (1959),  Vol.  1). 
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G.  F.  Chew,  Phys.Rev.,  84,  1057,(1951) 
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target  nucleons ,  and  the  diminution  in  amplitude  of  the  incident  wave  in 
crossing  the  nucleus. 

The  multiple  scattering  can  be  taken  into  account  by  Brueckner 
model.  It  is  supposed  in  this  model  that  the  scattering  taking  place  is 
S-wave  scattering  from  the  two  point  potentials.  The  wave  function  out¬ 
side  the  potentials  is  written  as  the  sum  of  the  incident  plane  wave,  a 
wave  scattered  from  potential  one,  and  a  wave  scattered  from  potential 
two  i.  e. 


VI*)  -  e.  -*•  A  «. _ 


B  * 


«-  'V I  1 


(lol) 


It-S, |  K_-  ««.| 

The  outgoing  amplitude  A  is  given  in  terms  of  the  total  ampli¬ 
tude  at  Rj  ,  by 

r  ‘VR,  c  i 

A  *  J  t  where  f*  -  jR_,  —  ' 


(1.2) 


'  is  the  K~JP  scattering  amplitude  (in  the  deuteron), 
Similarly 

^  R,  a  „  c  *  f 


p>  -  ' 


*  c  *  r  l 
+  A  e _ 

f  J 


(1.3) 


is  the  K~-N  scattering  amplitude  (in  the  deuteron). 

Solving  for  A  and  B  from  Eqs.  (1,2)  and  (1,3)  and  substituting 
these  values  in  Bq.  (1.1),  we  get  an  expression  for  the  scattering 
amplitude  p  -i-  •'(Vi'j'Si 

^  % 

-f  i  (1. 


*) 


K.A.  Brueckner,  Phys.Rev.,  £2,  83A  (1953);  90,  715  (1953). 
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The  first  two  terms  in  the  numerator  of  Eq.  (1.4)  are  the 
single  scattering  (or  impulse  approximation)  terms.  The  next  two  terms 
are  the  double  scattering  terms.  The  denominator  represents  all  higher- 

order  multiple  scatterings.  The  propagator  in  the  intermediate  state 

‘•if 

is  which  is  very  large  for  the  region 

In  this  approximation,  the  nucleons  are  supposed  to  be  infinitely 

heavy  compared  to  the  incident  particle.  Therefore,  the  recoil  of  the 

nucleons  is  neglected.  This  method  has  been  used  to  study  the  pion- 

deuteron  as  well  as  the  kaon-deuteron  scattering.  The  validity  of  this 

method  is  questionable  for  pions  and  even  more  for  heavy  particles. 

(8) 

Drell  and  Verlet  consider  the  multiple-scattering  corrections 
to  the  impulse  approximation  in  the  calculation  of  the  scattering  of 
IT*  mesons  by  deuterons. 

They  calculated  the  scattering  amplitude  for  the  meson- 
deuteron  scattering  problem  by  using  t-matrix  formalism.  In  this 
treatment  the  binding  energy,  motion  of  the  sources  and  the  absorp¬ 


tion  of  the  mesons  are  neglected.  Three  models  are  given: 

(1)  Brueckner  model  of  point  scatterer  with  propagator 
This  model  has  the  difficulties  mentioned  above. 


(2)  We  consider  the  scatterers  to  be  of  finite  extent  and 


(9) 


scattering  from  a  separable  potential  of  the  type  given  by  Yamaguchi 


8 

S.  D.  Drell  and  L.  Verlet,  Phyj.Rev.,  21>  849  (1955) 
9 

S.  Yamaguchi,  Phys.Rev.,  1628  (1954) 
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In  this  model,  we  approximate  the  SchrBdinger  equation  describing  the 
scattering  of  a  particle  by  a  potential,  by  replacing  the  wave  func¬ 
tion  which  appears  in  the  interaction  term  by  its  average  over  the 
potential . 

(3)  The  third  model  of  momentum  variation  of  the  scattering 
amplitude  considers  only  scattering  on  the  energy  shell  in  the  inter¬ 
mediate  state*  In  this  approximation  the  intermediate  wave  propagates 
as  .  This  is  smooth  for  ^f<  I  .  Therefore  it  does  not  matter 

TP 

whether  the  sources  are  assumed  to  be  of  zero  or  of  finite  extent* 

Using  these  models,  it  is  found  that  the  double  scattering 
correction  to  the  elastic  cross  section  ir  +  b-^ID+ir  is  of  the 
order  of  10  percent  or  less  and  is  model  dependent.  For  the  total 
cross  sections  (elastic,  inelastic  and  absorption)  as  deduced  from  the 
imaginary  part  of  the  scattering  amplitude  in  the  forward  direction, 
the  correction  is  of  the  order  of  10  percent  or  less  and  is  quite  model 
dependent . 

(10) 

Fulton  and  Schwed  have  applied  the  Born  and  impulse  approxi¬ 
mations  to  calculate  the  nucleon-deuteron  differential  elastic  cross 
sections.  In  order  to  carry  out  the  impulse  approximation  calculation 
in  complete  detail,  including,  in  particular,  contributions  from  off- 
energy  shell  two  particle  matrix  elements,  the  assumption  is  made  that 
the  two  particle  scattering  is  completely  described  by  effective  range 
theory.  The  results  of  the  Born  and  inpulse  approximation  differ 

10 

Thomas  Fulton  and  Philip  Schwed,  Phys.  Rev.,  US.  973  (1959). 
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considerably.  Their  analysis  shows  that  the  experimental  results  are 
described  better  by  the  impulse  approximation,  including  off-energy 
shell  effects  , 

(11) 

The  Brueckner  model  has  been  used  by  Day,  Snow  and  Sucher 
to  calculate  the  K~-D  elastic  and  total  cross  sections.  The  calcula¬ 
tions  show  that  the  impulse  approximation  does  not  give  sensible  re¬ 
sults,  and,  therefore,  the  multiple  scattering  contribution  is 
important. 

One  of  the  purposes  of  this  thesis  is  to  construct  a  simple  model 
to  study  the  scattering  of  the  K“-meson  from  the  deuteron,  which  does 
not  treat  the  nucleon  as  heavy.  This  model  takes  into  account  the 
multiple  scattering,  the  binding  energy  corrections  and  the  contribu¬ 
tion  from  the  off-energy  shell  scattering.  The  scattering  problem  is 

(12) 

investigated  by  using  Watson  multiple  scattering  expansion  of  the 
transition-operator  t.  The  expansion  is  given  by 

t  =  tf  +  t„  +  -§  tr,  +  +  ....  (1>5) 

where 

5  ,  (£  -  f  -  u  .n)' 

tp  =  t|!  =  V,  +  V,  (_E  -  <  -U  +1.4.)  t ,  .  (1.6) 

n 

T.B.Day,  G.A.Snow  and  J. Sucher,  Nuovo  Cimento,  14,  637  (1959). 

12 

K.  M.  Watson,  Phys.  Rev.,  §£,  575  (1953) 
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and  _f 

t,0  =  ^  f  -  U  t  tj_  (1.7) 


where  U  is  the  potential  between  the  nucleons  in  the  deuteron. 

The  other  symbols  are  obvious. 

In  our  calculation,  we  shall  ignore  the  effects  of  the  binding 
energy  corrections  on  "t ,  and  due  to  the  potential  0* 

The  interaction  between  K  -meson  and  the  nucleon  is  taken  as  a 
point  interaction  i.  e. 


t,  ■=  -t,°  s  (. 'l  ~  4 /O 


(1.8) 

(1.9) 


=  t  °  s'  ^  #0 

where  X  is  the  meson  position  vector  and  £  =  ^  • 

The  tj1  and  i°  are  taken  as  constants.  No  further  approximations  will 
be  made  in  the  calculations. 

The  magnitude  of  the  t,°  and  t  °  are  determined  with  certain 


modifications  by  using  the  Dalitz 
at  low  energies,  defined  by 


(13) 


solutions  of  scattering  lengths 


^  Got  Sx  — 


(1.10) 


where  I  =  isotopic  spin 

For  K”-P  system  1=0,  and  1 

For  K  -N  system  1=1 


13 

R,  H.  Dalitz  and  S.  F.  Tuan,  Annals  of  Physics,  £,  100  (1959). 
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The  scattering  lengths  are  determined  by  the  experimental  data 

of  the  scattering  of  the  K”-meson  from  the  free  nucleons.  These  solu- 

(1*0  (15) 

tions  are  given  by  Ross  and  Humphrey 

The  interaction  between  the  nucleons  in  the  deuteron  is  supposed 

(16) 

to  be  given  by  a  separable  non-local  potential,  which  is  such  that 
in  the  case  of  the  bound  state  of  the  deuteron,  the  Schrodinger  equa¬ 
tion  is  satisfied  by  the  Hulthen  wave  function 

4>(f)  - 

(l.li) 

where 

N  -  ®^2TT  •  &  0 \ 

Using  the  potential  deduced,  the  wave  function  for  the  continuum  state 
is  obtained  by  solving  the  Schrodinger  equation. 

The  double  scattering  of  the  K“-meson  is  shown  in  the  Feynmann 
diagram  (Fig.l). 


Figure  1. 


14 

K.  Ross,  "Elastic  and  Charge-Exchange  Scattering  of  K~  Mesons  Incident 
on  Hydrogen",  Lawrence  Radiation  Lab.  Rep.,  UCHL  -  9749,  June,  1961. 

15 

W.  E.  Humphrey,  "Hyperon  Production  by  K“  Meson  Incident  on  Hydrogen", 
Lawrence  Radiation  Lab.  Rep.,  UCRL  -  9752,  June,  1961. 

16 

See  ref.  9. 
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The  matrix  elements  corresponding  to  the  bound  state  and  the 
continuum  state  are  calculated  up  to  second  order  only  for  forward 
scattering  and  put  in  a  suitable  form  for  numerical  calculations. 

For  any  other  angle  the  matrix  elements  can  be  expressed  in  terms  of 
triple  integrals  which  are  not  very  easy  to  handle  numerically.  The 
forward  differential,  elastic  and  total  cross  sections  are  evaluated 


at  three  energies.  The  total  cross  section  is  calculated  using  the 


optical  theorem. 


7"  —  Im  f  (0  J 


T  - 


Cl .12) 


The  collection  to  tne  elastic  scattering  due  to  charge  exchange 
in  the  intermediate  state  is  also  calculated.  The  Feynmann  diagram 
for  this  is  shown  in  Fig.  2 


Figure  2. 


The  results  of  this  model  are  compared  with  Brueckner  model 
of  S-wave  scattering  from  two  point  potentials  and  also  with  the  ex¬ 
perimental  data  of  the  K  -D  scattering  cross  sections  to  study  the  pre¬ 
dictions  of  this  model  and  to  find  the  favorable  Dalits' s  solution  at 


low  energies 


CHAPTER  II 


K  -D  SCATTERING 

_  l  ) 

Let  K  be  indicated  by  index  0  ,  proton  and  neutron 

z  1  '  ) 

by  1  and  ^  • 

The  initial  and  final  wave  functions  for  the  K  -D  system  can  be 
written  as 

’<  =  -e  ‘  'i  '  -  V)  (2.1) 


^  _  * 


■  %  v 


L  -  ^  cf  l  ‘f 


) 


(2.2) 

where  and  q1  are  the  initial  and  final  momenta  of  the  K-meson; 

( 

K  and  F  that  of  the  deuteron. 

*t.0  . 't, .  are  the  co-ordinates  of  the  K-meson,  proton  and  neutron,  and 

R  *  i(x,  a-  r.  > 

-  iv 

Introduce, 

$  ^  X,  -  X* 

\  =  x  -  -  R 

(2.3) 

^'dl  =  t 


S  = 


’rr|!5=.  + 

™  <  -t 


°u  & 


where  rmlt  and  are  the  masses  of  the  K-meson  and  the  deuteron 


c, 

x  = 


■"'k  «  Tf'± 


or 


R  =  S 


+  R 


(2.4) 
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The  T  matrix  for  the  K~-D  scattering  problem  is  given  by 

T  *  V  +  ¥(.*”  H  +  cO’'-V  (2.5) 

where  V  =  Vx  +  V2 

is  the  potential  between  the  K“-meson  and  the  proton . 

V2  is  the  potential  between  the  K~-meson  and  the  neutron. 

The  Hamiltonian  for  the  system  is  given  by 

H  =  +  K  +  U  +  V  (2.6) 

where  U  is  the  potential  between  the  proton  and  the  neutron. 

The  matrix  element  for  the  scattering  of  the  K  -meson  from  the 


deuteron  is 


Now  cJLn.,<i-i= 

TV).  oU*  dfdi 


and 


(2.8) 
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In  the  C.  M.  system  of  the  K  -meson  and  the  deuteron,  the 
T  matrix  becomes 


where 


•i 

t  .  V  +  V.L  £  +  -  U  -  v  +  ilj  .  1/  (2.9) 


f, 


relative  = 


=  - 


•A^cJL 


*<l  =  ”A  deuteron  =  “  1  p-dl 


=  binding  energy  of  the  deuteron  . 

=  -2^..  is  the  reduced  mass  of  the  K~-meson  and  the 

n"V+ ‘"'d  deuteron. 

p-j  =  — — ^  ’*°T>  is  the  reduced  mass  of  the  deuteron  . 

+*^YS 

Using  Eqs.  (2.7),  (2.8)  and  (2.9),  the  matrix  element  becomes 

W-  .^K'-*.V-%)  S  cpA)t  *(e)dfds«i*, 

-l*o3*U'-& ♦%'-*)  ■  f  '  cpAfH 

=  M3; 1 1 1  <p , 

~*  +  ^  ~i)  gives  the  conservation  of  momenta  . 

Matrix  element  in  the  center  of  mass  is  given  by 

K  =  ,<P|t|cf>,  <*.)  (2.10) 

We  can  write 

t  =  V  +  vjv  (2.11) 

where, 

V  .  vx  *v2 

and  ^  *  L  — ‘  ^  S  ~  ~  ^  ^  LfcJ 

From  the  above  equations  the  multiple  expansion  of  t  may  be 


easily  obtained  in  the  form 
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t  ^  t  I -tiC,  t0  +  -  -  * 

l*‘  '-  +  }  (2.12) 

}f-K 

where  "t  is  defined  by 

t,  =  V;  +  1 /;_  tc  (2,13) 

and  G  is  given  by  -  I 

Q  r  -  U  +  tc]  (2.14) 

We  now  separate  if*" into  a  "coherent"  part  tc  corresponding  to  the 
process  in  which  the  deuteron  is  always  in  its  ground  state  while  the 
K  -meson  is  scattered  from  one  nuclecn  to  the  other  and  a  remaining 
part  which  will  be  cal?  id  "incoherent'*.  Thus  we  introduce  P  =  C*?  i 

the  projection  opera. :r  ’or,  the  deuteron  ground  state  and  write 


c,  -  u  "  +  -  pj 

,  C,«?  -r 

(2.1 5) 

where 

-  1 

^  =  r- Vi^j“ 

(2.16) 

and 

(J*  +  L)<P  -  £<s  $ 

(2.17) 

On  substituting  Eq„  (2.15)  in  Eq°  (2.12)  we  get 
"t  =  "fc  A  ^  i  +  4  t.x 

where 


to  ^  H  t.GuPi,  (2.18)- 

•t  J 


and 


(2.19) 


’in  the  mult -ole  expats  .on  of  we  shall  confine  ourselves  up  to  the 
•’•ruble  scattering.  Tfier^fcre  t  -  tc  +  ~p  +  t°  where  td  represents  the 
•  -n  contributing  tc  f  -*  dc-b*  e  scattering  only. 
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In  this  thesis  we  restrict  our  attention  to  the  effects  of  single 
and  double  scattering  only.  In  the  next  chapter  we  consider  a  model 
which  allows  us  to  compute  the  matrix  elements  of  coherent  part 


W  4  "t  -jilo  P  1 1 
and  incoherent  or  continuum  part,, 

t ,  ■+  Q  / 1  , 

in  the  form  which  allows  numerical  evaluation. 


(2.20) 

(2.21) 


Using  Eqs„(2.12),  (2.15)  in  Eq.  (2.10),  we  get 


M  = 

where 

^  Kk  4  Mil 

(2.22) 

Mi  = 

i  =  1,2 

(2.23) 

*??  * 

<  4  lt,C,;PU| 

+  (  1*42) 

(2.24) 

*12  = 

+  (  i*-*2) 

(2.25) 

CHAPTER  HI 


MODEL  OF  THE  K'  MESON  AND  DEOTERON  SCATTERING 

A.  Assumptions.  1.  We  shall  suppose  that  the  interaction  be¬ 
tween  the  K  -meson  and  the  nucleon  is  a  point  interaction  and  there- 
(18) 

fore  we  can  write 

tp  r  t,  :  t,  -jj/J  j 

^r'  -  -  t-i  b  (.  1  +  f/i)  ^.2 

1  0  o 

where  t.,  and  are  constants.  (For  the  physical  K”-meson  scatter¬ 

ing  problem,  t,  and  t°  will  be  determined  by  the  Dalitz  solutions 
for  the  scattering  lengths  for  zero  effective  range  approximation  for 
K~  scattered  by  free  nucleon  -  See  Chapter  VII). 

2.  We  shall  suppose  that  the  potential  between  the  proton  and 
the  neutron  in  the  deuteron  is  a  separable  non-local  potential  U 
which  is  such  that  the  solution  of  the  Schrodinger  equation  for  bound 
state  is  the  Hulthen  wave  function. 


18 

This  approximation  corresponds  to  a  K  -nucleon  force  range  Uo  short 
compared  to  the  separation  ^  of  the  nucleon  in  the  deuteron  and  to  the 
neglect  of  the  binding  interactions  while  the  K~-ineson  interacts  re¬ 
peatedly  with  the  same  nucleon.  This  approximation  should  not  be  too 
bad  for  9  \  f  and  S  f  . 


15 
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B»  Separable  Potential  and  Ground  State  Wave  Function  of  the 
Deuteron.  We  introduce  a  separable  non-local  potential  U  which  is 
such  that  the  solution  of  Schrodinger  equation 


{f/zyi.  +  ^ 

=  €*<p.ce) 

(3-3) 

the 

for/ deuteron  in  the  ground  state  is  the  Hulthen  wave  function 

^(f) 

f 

(3.4) 

where 

Vtr  1-cAa,  TV  -60t 

(3-5) 

and 

=  2  sC. 

(3.6) 

deuteron 


^e> 


-  _  £  i-s  the  binding  energy  of  the 


Sch.  equation  becomes 


Assume 


Now 


K-  V  )f(f)  - 


U  ■<?(?)- -  W) 


Ht')  <p(0  df 


"w) --  O 


(3.?) 


(3.8) 


vVf)  -  N 

v  r 
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Eq.  (3.7)  becomes 

N  rL1  )  "  1.  .  (  ^  +  u-tf)  f 

2-K  f  f  J 


of 

Assume 


R.  H.  S. 


N 

f 


^-Lf)  cplf')  d. ^ 


a  . 

ifdL 


-5 

f 


LJ  41T, 


o 


,-^r  .  , 

e  -  e  J  otfi' 


J±  .  ^TTAxelPf  .  (  \  _l _ ) 

T-h*  f  '•  zp  /  ' 


-  n  4t^  (p-«0  ,e^ 

ZN-  *(}(*+ p)  f 

i 

Eq.  (3»9)  becomes 

(pv- «*'*')  il?  ~  Ax  .  IT  ijwJ 

r  r  P(^tAJ 


Cf ')  <?('f  I  % 

(3.9) 

(3.10) 


IT 


(3.11) 
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rjt 

f 


£ ff 

r 


-  PUtg)3-. 

HTT  frji  f 


y 


f 


Therefore 


U(f)  = 


aigtJ)1,  ,  eff 

M  4-rr  ^ 


(3.12) 


(3.13) 


Eq.  (3.12)  gives  the  potential  in  the  deuteron  in  the  co-ordinate 
space,  we  shall  express  the  same  potential  in  the  momentum  space  by 
taking  the  Fourier  transform  of  Eq.  (3 .13)  » 

Therefore,  we  get 


w-Cf) 


V**' lf 


0.14) 


^  “lirfli 


00 


IV  I 


H 


t 

^  tfir 

1  .1 
(air)  ^  ^ 

r 

1 _ 1 

p-'-t  #+tf  , 

'  a  , 

s, 

HTT  p-d 

Qi.>  0*0) 

0.15) 
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In  the  momentum  space  we  shall  define 


-a.  -  LL(>)  ■U.(^|>'_)  (3.16) 

From  Eq.  (3.15).  we  get 

U  i  \>')  ~  ~  Millii'1’  •  _!_  ■  -i _  •  _1 _ 


Mr/** 

in-  p+(3w  Kl 

.  uu+iy1 

j_  .  _j -  .  - 

i 

-r 

2f*J  Plp- 

1  1 

_ 

1 

(3.17) 

where 


6'  ^ 

TT 'J- 


(3.18) 
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C.  Continuum  Wave  Function.  Now  we  find  the  continuum  solutions 
of  the  Schrodinger  equation. 


V/i  - 

(3.19) 

where 

^if) 

.  e_lf 

(3.20) 

and 

,7  tr)Vv 

-  "  1 

^0 

*  LE  -  H0  +  ^J 

(3.21) 

Eq.  (3.19)  is  equivalent  to 

(E  -  Ho  +  -CJ  \'K  =.  !J  '4vf  pj 

Substituting  Eq.  (3.16)  in  the  above  equation  In  momentum  space,  we  get 

-V  ^o2: 

Using  Eq.  (3.17)  in  Eq.  (3.22)  and  multiplying  by  (  2.p.j_  )  throughout, 
we  get 


(V-  f1  t  lO  (ft 

we  shall  suppose  that 


(3.23) 


lf|b)  -  S(b-£j  -  .  -f(n)  ■  — ! -  — 1 - - 

^  '  iTv  '  (sV/Jv  (K'-pVit) 

Substituting  Eq.  (3.24)  in  Eq.  (3.23)  and  solving  for  jf (n) ,  we 
find  that 


(3.24) 


f(K)  ~ 

In  co-ordinate  space 


1 

6*  2lrl 


(3.25) 


(3.26) 
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Substituting  Eq.  (3.24)  in  Eq.  (3.26),  we  get 


Hi)  - 


-<4 
e _ T 


XTTV 


-fOO 


e  d£ 


-  e 


where 


I  - 


(?^3/v 


i  l>V 


1T1 


■H 


ait  J"Vn  .  e 


<*-  p1-  +  t£ 


fcio  ,  r 

^aTT)Va, 


I 


pVb 


ax  rv^ 

^  «u- 


LK  f>Pv  u) 


rtpv  a) 


IT 


—  Q.  “T  c  x  (sum  of  residues) 

■( 


The  poles  are  at  {?=■  cp^and  p  =  <  ^ 

Residue  at  p=Cp  is  e  ^  ,  cp  ^  ^ 


^  Qd+pV 


ac  «z+r; 


Residue  at 


b  =  K-k6  is  ~  eA*f  ic  _  _ 

(<2  +  ZK 


2  (fc2+  f,1) 


(3.27) 


X  = 


11\ 


-Pf 

e  ,-  e 


(f'+l Sl) 


(3.28) 
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Substitute  Eq.  (3.28)  in  Eq.  (3.27),  we  get  (See  ref.  9) 


- 


U  K 

e _ 

(>T) 


H<)  t±i  ■  JJL  .  &  -  r 

2ir'  k\.0- 


fCs)  (e. 


Uf 


(3.29) 


Eq.  (3.29)  is  the  required  continuum  wave  function  in  the  presence  of 
the  separable  potenJ.i  1  D. 

In  the  next  sections,  we  shall  compute  the  single  and  double 
scattering  of  the  K  -meson  from  the  deuteron. 
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D.  Single  Scattering.  For  single  scattering,  the  matrix 
element  is 

\  =  \  S.  .?(?)  I  *•'  I  ‘PW  \  =1  dropping  the 

index  . 

Using  Eq.  (3.^),  we  get 


■=.  hfjje. 


.  >c 


dt 


Using  Eq.  (3.1).  we  get 


24 


where  ^  -  dj* 


Similarly,  we  get 


WL  ^  4irnVa 

r  -t  „  ,  ,  -1  _ 

4-Om  1  I  •f  -U.  _ 

2  +-j/fi_r 

(3.32) 

l  1 

iwj 

From  Eqs.  (3.31)  and  (3.32),  we  get 


Mi  +  ,  +  fit  .2  w'|Q_  l] 

Q,  L  'Wi  if*1 

a  =  ^  for  ft:  It  I 

Ml  -V  ^v.  •=,  (t|  +  )  for  6=  0  or  ^  ~  o  (3.35) 


(3.33) 

(3.34) 
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l.  Using  Eq.  (2.20),  coherent  scattering  contribution 


is  given  by 


+  u)  Pt4)qp(c;j^  4 


Introducing  £  1 1 y  l  j  =  J  « 

and  P  =  !  <PLe)}  i 


in  Eq.  (3*36),  we  get  in  an  obvious  notation 

<  -  ( )<*>(«,  uj 

%v)~ 1 


<\  M'HtAWhl)  =JT 


e"^  -  jqp  (e|t|  4  “  diJ| 


Using  Eq.  (3.1),  we  get 


(3.36) 


<4  ;^(fJ  |  t,|w)  ,ty]  +  0**O  .  (3.37) 


im$>  =  jj 

.<j  i^i> 

=  t;  |  Vlt  _V) '  f/V(VJf-  i6f)“  <f  ,.t 


qv  M^t,* 
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•i'W/i  -  >  '  if  -  ryj-  J>- 

■  t> -  u3  +  -*# »] 

^  U  **-“! 

Using  Eq.  (3o30)p  we  get 

\V^(r/it'i<P(p/, £>  -  [t**  |4l|  +  M  ,1 

1^1' l  1  *  <V  ' 


T^-l)  -  -C  j4^|  +  4^'|V2'  -  24*;1 


2k^j 


(3.38) 


<£>(?)  -t 3  T IL-i') 

li-H'! 

Similarly 

Kk>W)  1 1  i-l  4>(?)  ,  \r)  -  ?Tn1'u  T^-V' 

!4;vj  ’  ' 

Substitute  Eq.  (3«39)  and  Eq.  (3.40)  in  Eq.  (3.3?),  we  get 

^  (t**»')X-W  Ui  ■  X(Ui - ! _ T( 


fil  .  Td-<)  i 


(3.39) 


(3.40) 


•likll  +  (.1^2) 

(4-3) 


i[iL  ■ 

ja-i';  i 

•  J0.-S) 

J(2r;3 

li-ri 

'4*1/ 

(3.^1) 


2? 


/ 

For  any  arbitrary  angle  between  %  and  y  ,  the  above  integral 
reduces  to  a  triple  integral  which  is  not  very  convenient  for  numeri¬ 
cal  evaluation,,  Therefore,  we  shall  evaluate  it  for  the  forward 
scattering  only  i„e.  we  shall  take  i_~  £.  „  Substituting  \  -  ^ 
in  Eq„  (3„4l),  we  get 


M 


c 

'2, 


(or)3 


/  T(*_-D  t 

\  I47H  / 


Let 


or 

or 


= 


(r-r -tut') 


I  T(l-J)  \L 

\  i-iij 


£'2l  =  $ 

r  * 


Therefore 


03 

*  K  i'dl 


JMI 
& 


^  Ovtvj) 


=  ($K  N'tl’t",  K,)  lit  iff  (TUlf  I  . . 

n4  vj.y  * 


Let 


28 


it  -  *■ 


29 


Therefore, 


where 


(aniJ 


df. 


-fc*  «Vt£ ^.). 


r°° 

die 

Cr 


€.  ->0 


(3.^3) 


TUj 


-  I 


7  4-4 1  l 

I 


(3.44) 
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?.  Esm&fi  Scattering:  S<?nUnW)  State  SSfltegElDg 
Contribution.  The  double  scattering  in  case  of  the  continuum  state 
is  given  by 

X*  -  ^  -  *.<L  4  U 

*  t  J  <?  •>  }  “^  (l  2-)  (3,45) 

We  shall  use  Eq.  (3<29)  for  the  continuum  state  of  the  deuteron 
in  the  intermediate  state.  Since  the  Eq.  (3.29)  includes  the  effects  of 
the  potential  U  of  the  nucleon  in  the  deuteron,  we  have 


I  11;**)  <4,*a|  +  IK^><4  ><?\  =  1 

i  j  t  X 

(3.46) 

and  ^ 

10-  p)  -  Otl  3  <«p  1 0  - p)  *  o 

(3.4?) 

We  get,  on  introducing 

1 14.) <4!  -  (  a  U<*>> 

l  J  (Vir)  5 

and 

lKtX'K|  =  [  A  !  #;><V^| 

t  i 

In  &1.  0.45) 

» 

-  [[  til  4  +  €&'E< 

(ITT)3 

*  <Xt  >4  j  tj  c*>;  i  ^  +  (»*♦*) 

(3.48) 

where 

Et  =  't/'zKwa. 

(3.49) 

and 

E*  -  ty.H 

(3-50) 
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we  can  write  Eq,  (3.29)  as 


W)  -  J— (fc-'fft  +  Xt(fy) 

(an)V 


where 


&«■)  =  -fw  (£Ljh) 


r 


(3.51) 


(3.52) 


and 


X/f]  —  — _ 


te+rr  ■.  ,t  4  t^§; 

Substituting  Eq„  (3.^.,  in  Eq.  (3 .48) „  we  get 

<  +V,  *v.  *lV.  *  4«*») 

where 


(3.53) 


('Hl-  j[iUi  <l',<?H,|4,t>(^^-t:rE^.«j<'VLiMq>^  0.w 

^  (ftr)4  ki 


M,v  ^ 


tyl.t  =|  (3.56) 


rl 


H15  =  ( fit-i  li  >  4!  (3.57) 

(an/ 


1.  Computation  of  Mg  .  We  shall  compute  the  matrix 
element  first . 


Ha  =  < \'<7|t ,  | i  k p-t * *) '<t %)  (3u54) 


(?  n)' 

The  Fourier  transform  of  Eq.  (3.4)  is 

-K 

Y^rj  =  Njto 

where 


f(f)  =  u  je  *  V  _i 

S  -  %,r  f 


f>N-oT 


|>Vt' 


(3.58) 

(3.58') 


Now 


-  t 

Using  Eq.  (3.58).  we  get 

<°l' 


i  e  e. 

*  e^'  ^  Sl't-f/j  .  e 

jjf 


.Sd[We^+t<#tV  --M 

J|  W1,  K'tAV 

-  N  t,°  •(?*/.  (_J - - 1 - ^  (3.59) 

V^v  p^y 


where 


#  =  t 


(3.5$) 
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Similarly 


a 

where 


=  (?*■)«< 

t  -  t  -  K.(l- X) 

Using  Eqs.  (3*59)  anc*  (3*6o)  in  Eq.  (3.5*0 »  we  get 


(3.60) 

(3.6d) 


f/  '  .  _ i— V 

jJ  pv^j^p'w1  my 


(fOVt’JJ  clidti 


I 


(-lf*j)(ta-  (3.61) 


since 


We  shall  put 


(m)  +  v  (pp;  -  h'.G'P)  -  m*  (i WJ 


Ue) 


K 


(3.62) 


where 


18 


y 


(3.63) 


This  separation  is  only  for  computational  convenience  and  introduces 
spurious  divergences  which  are  cancelled  at  the  end. 
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We  combine  denominators  in  order  to  make  the  denominator 
a  function  of  t  and  l  only,  by  using  the  Feynmann  formula 


5.1c 

Let 


au-dLu.  dth 


^  Ql(<  “**■)  -t  Z u.  'v/-t  c  u_0~ v-)J 


a. 

I 

c 


t-u-vw  (U)\f 
»t‘  -t-U'l)  *  (4£)%6V 


(3.64) 


we  can  write 

Ot  (j  -  u)  +  Z  •jj\y  •+  c  U-  0  ~  ~  ijj.  ■+  E )  +3^ 

where 

l  *  [  d-i)  uv-  -  (4-S)^C'-tr)J 

J>  =.  -yH  \_ {l -1')  a yy  -  (4r  l)  u.0  -  i>)J  +  ■  (L'l)\  h1) 

*  u(.-v)  +a)0'a)  + 


or 

D  ■=.  c  jf  +  4’  4  +  cl 

=  c(4  -  4/acy-  +  4ac- 

4C 


(3.65) 


where 


a 


*  -  °V.O-y^+  X  yV  u.’-q-q-u-j 


+  +-  *  Kvi-  +(<£  i-a^LLO-v-)  -  /m,  ^l(i-m) 


+  ol^i-u)  -  1 4  (i  -  u.) 


(3.66) 


4  -  (I'Cv'-TT)  ♦  Ki'x-  +((\-1)%-^il  (3 


67) 


c  m 

i  j  j 

‘  '  Mil  (A*)  =  N*VtU'JM  [:  ett  dll  f  [  2^c U  i^ 

Jj  o  i  [(t+E)a  +  31]1 

Making  the  transformation  <  t  -  P  We  get  J 

i  / 

Mn(*&)  =  N  *t,  (?,.  (7  2  f*«l)  (  c(t  <££  f  V  vj^cLu-  d-v- 

JA 

Substituting  for  0)  from  Eq.  (3.65).  we  get 


(3.68) 


wnm)  = 


V 


l  u^du.  dlv 


d-t  dLt 


Next,  make  the  transformation 

JcU  -4/ic)  4  . 

We  get 


(tX+  CU- Vc.)W-fr)* 

4C  / 


X  V 

7J„  O 


•  fj  JXdl 

JJ  (tl  +  r  +  4-ac  -4V)3 

v  "4  c.  ' 


(3.69) 
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We  introduce  the  six  dimensional  space  given  by 

r1-  =.  £  +  r 

so  that 

dll:  dl  ^  ol  g. 

=  rUR  <Ul  . 

We  can  show  that  in  6- dimensions 

r 


(3.70) 


Jan  = 


(3.71) 


(3.72) 


Let 


A  =  ±S^±-  (,.,3, 

Using  Eqs.  (3.70),  U.’D,  (3.72)  and  (3.73)  in  Eq„  (3.69).  we  get 


i  A* 

-  N1-t|  H-dqdh>/ 


'*‘0  c  H  J 

<5  J 


«*/  s 

1  R  dRdfl. 


(&^a 


or 


,1 


Mil  Cab)  r  Rlt,°tl(rH(AaT3J 


qdtqdv- 


0* 

( 


C  0 


C*- 


rdie 


Cr>a'iP 


(3.7^) 


Now 


(UNa'4)3 


(  BJ=IR 


dv 

+  A'1 ' 

R 

r+A1 

l 

CLe. 

2R  A 

(t>v+A'x)2 


R  A' 


'A» 


(rVa'V3 

i.  Ail 

4  (rsa':;1_ 


(rVa'*)3 


V  Rl+A'v 

-  ih\^v 


K 


X 


*  (£„  V'  ‘  ^  \  I  ^ 7  ° 

*  R  -  3^  -yx^l (A'*/ 


where 


R  i.  Lt  i ^ 
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Since  CVl(l  is  given  by  Eq.  (3.62),  the  factor  Dlv R  -  ^ 

<. lj-*  VO  H  occurs  twice  with  positive  and  negative 

signs.  Therefore  it  does  not  contribute. 


We  shall  prove  for  (2t  0  and  ^  ^ 

«> 

f— 

Jfe1 


Eo[E>  =  +  t>Cv  R 


Let 


I 


./i 


R  ot  R 


R'-(A'i-+l€0-u) 


R  dLR 


(R  -  A  -  U  (j-U^R  +  A  +  «t|  0  -^) 


dR. 


R-A-<£(i-u)  R+A-f«.j(  l-ujj 


dK  J.-A+  cjk(L-^J.  + 

■  (*  -  ♦  (i  0-))  f  (| 


+x *7/0*  *  *j  %  (/q  0  -)7  -  l  4~'  Jit 
1  £aM 


«/40-4|  + 
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+ 


_ 

%0-u) 


+  L  ^  +  Ik*  R. 


-  >-7v 

Omitting  as  it  will  cancel  with  other  terms  as  discussed 

above. 

We  can  write 


fcsdR 


.  Va'jJ3  2  L 

'‘o 

where 

©C-*)  *  I  if  x  <  D 

-  0  if  *  ?  °  J 

From  Eqs.  (3.74)  and  (3.75),  we  get 


'A‘|  -  1  T  6C-  A'V  -  \  *  (3.75) 


(3.76) 


Mi(AB)  =  (n  V,  £  . 


•  I  > 


U.  du.  ol'U- 

c* 


f^/'l  - 

V 


tTTOC-A 'V>a 
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Using  Eq. 


where 


where 


(3.62),  we  get 

*  +  M*(p&)  -  _  m£  (H) 

.  (jjatr<  -2^^) 


■ 

1 

Ul  cLu.  d  V 

lo9 

t  a :UW‘(tH 

o 

0 

1  cn  1 

Ol  | 

-  ott  L  a'v^a; 


+  IT  QC-ri’fapJ-f-iT*  e(-A'll 


(3.7?) 


A'2  = 

4C 

~  x  +  y  C-os  ( CL'  i  )  (3.78) 


X  r 


[■  ♦>) 


+  $  "  ^  -^J  V"  +  [  ^  {(^'  %f 


+  (>i  -y^  +  *w,+^)  +suS 

j  -  %  (V-  •%)  _  (I-1>;(1>->J(  + 

(as>  +  b’o  -■»•))  +  «<x»-  <*J  , 


(3.79) 


Vi  -  [iuV1-  Vju  *  34  V-  +  v>)  + 


uj/a  •  i>(j  -  ^-J 

-  U.a  (.v-  K)  + 

"  I  fi  p 

U  dlu-  g(i>- 
°  o  C^i-  i. 

-  LTV.  flC-A'tyfD) 


*  V4C  >  (3.80) 

uA(j-4fi4)  +  ,  (3.81) 

r" 


aKJM 

**(<0  A'l(^ 


_  It  eC  A'Vjj 


+  It  ec-A'VwJ  +•  ot  e(-AM(/^jJ 


(3.82) 


k 


(a)  I  /3i  X 

2.  Computation  q£  Mm  and  Hi  .  Having  calculated 
{'K  ,  we  shall  calculate  ^  from  Eq.  (3.55) 


Using  Eq.  (3.52).  we  get 


r  /III”  *  l  ^ 

<\  ,  ^|t,|  i  ,/t)  «  ||  «•  L  gp' 


Using  Eq.  (3.1),  we  get 


=  (C  it  £(1-^0 

r 

r  f 


Substituting  for  <p(f)  ,  we  have 


(  ,/cy  =  (Nt,°  air) 


*  1  ■  (4-lO  ^ 


dx.  e 


(e  -  e"  -f(t) 

(e‘tf-  ep0  ■ 


o  J 
- 1 


=  (Nt,°  aioj^p  (e 


1 1  L-lf  fa  _  t  H'-HlV)  ^ -ppj 


_  €. 
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00 


Introduce  j  e 
We  get 


M t,|  i  '  />  =  (itiajt; 

iM'l 


/■  /* 


O* f)  P  +  *-(t  +  2. 


-fl*+v)P  «■•'(*  -w+y)?*  iLL-i'i^ 

e.  -  -6. 


+  £  _  /  terms  with  14'%  I  •*  ~l lm%  if  *  fW 


-  iwj£r?)|ci 

iltl'l 


(u  +  y  -  -it  +i  1 4-51 ))  -  („uy--,(t- 

"  (p,+J- - '■Ct  f  I^Jf))  t  (f>  +  }  -‘-C*  -  to');) 


_l  -  -i-\ 

'“-I  LH)  -  0* ^  "  ‘ I  +r V 


He) 


'•‘V  J 

o 

(i i>+  *  (4_i'r)''  .  ♦  (4i/) 
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We  have  already  proved  that 


<4,4  |tj|  cp  (a*)3 

stILi _ i  ) 

VP*-<*V 

(3o60) 

£  =  fc- 

-  Lfl'ij 

(3.6o) 

Forward  Scattering,  %  = 

Using  Eqs.  (3-83.  (3.60)  in  Eq.  (3.55),  we  get 

(7)  X  _  /■ 

Mo  -  4THNtt  t.  (-2M  ' 
(a-1)3 

00 

A- cLt-  (^)y 

i  Ir 

— 

-it)’  + 

+ 

(t*  t  ‘  “?) +  *x~ C  0  *  +  ^ 


Note:  ••€  has  —  sign  before  it. 

Using 

■  —  =  P(4)  +  L  T  *C*) 

-  cfc  K  / 


we  can  write 


x 
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where 


ft,1 


Re  Ma  «  4tNH 

M3 


(f 


,°o 


A£  At 


1 


(<*+1-* ?+(£$?)'  -  dt'f+i)' <■  mf)'  * 
<&)f]  [i^-  *4f+ •<v)"  -  (ct  -  4^)Vj 


«  +  hJ  U'-\') *•>')  >  -fw 

H"KdL 


(3.84) 


%x  = 


oO 


(If.  4TT  HNfc. 

(*  1O3 


di  dLt. 

>  J 

o 


(M/)' _  (fc*p*>;l+  (^J1-) 


(tsr)'  j  fa.  -  u)V  ' 


(3.85) 


*5 


From  Eq.  (3.56) »  we  have 


(V,  =  fJV,  +  9»lia 


autU 


(UrfJ  +  +  ^ 

((m  "  C(t  +  1t)+ f') 

(j^  +  f*j/^1-<VV>)  +  ^  UJ  " 

Comparing  it  with  Eq.  (".84),  we  see  that 


„  to  r 


° 

'■I  '•l 


(3.84) 


M,l  ■=  Lit  •  jHTNN^  ^ivT^h^-)  Ai-  \  c(j  |  ((d +  -f  !4~^) *)  _ 

^  i  yr 


&**»?♦  (<jf  4j)‘+ jj  -((j * 

£t),  ^Ct’+v^.U'-VJ  +  ^l)j 


Comparing  it  with  Eq.  (3.85),  we  find  that 


v'V 

‘Ct; 


6*.  XT/ 

‘•trt; 


(3.85) 


It  is  obvious  from  Eq.  (3.34)  that  if  we  make  the  transformation 


t  — >  /t  +  ^ 


(3.86) 


we  shall  have  the  angular  dependence  m  the  integrand  only  in  one  of 
the  denominators o  and  there  is  no  angular  integration  with  respect  *c  t 
Eq,  (3.8*0  becomes 


Rt  *  4INN  tl 


(f 


00 


<U  it  1 1» 

P 


(p  + 1  )  +.  ((o(4p  +y)  •+  Vw )  +  (& 4  +  Vc) 


(£  -  -  ft1-  -vol^v) 


•/ 


■cP 


(t'+r^iW-tW')  ■  ((*)[  (3.87) 

Further,  we  can  simplify  the  integration  over  t  by  the  following  trans 
formation 


Si  =  (Vt  >  S»  *  (1/t  -  f.  •  -  Jf/t 


Eq.  (3.8?)  becomes 


(3.88) 


4? 


-  (cfi+y-ijz+ -  (&+y)%  #*)  +  +ft)'J 

*  [_  0  +  ^4  _  ***  +  -  0  4  */q  “  ^  40  j  * 

(L+ f,a  +  +  u'%.  xi)j  *  -?w  ■ 

In  the  evaluation  of  ,  we  need  the  following  results 


("  U>  -  L  >U 

(i +  40 +£ 

X  i%  u  ^ 

(j-v/tr 

m  <o 

~r 


where 


(3o89) 


(3.90a) 


=  it  -  +<u  |^-f)j  -  -w  (%+iJl 


in 


(3.90b) 


(3.91) 


» 

J 


dn 

/+  ^  ±  ^*+£v 


(l+kf4  ^  [ 

(i-fcr+H 


(3.92) 
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-^r - i — —  N  =  .  y  U  1 | 

J  ,+  s  +  P%X^±  ^  ^  ^  1  +f,1  +  f%^2"2*Vt)\  (3.93) 

See  Appendix  (1)  for  Eq.  (3.89) 

To  evaluate  £e  ^Mtl  ,  first  perform  the  integration  over  ^  , 

using  Eqs„  (3.89)  and  (3.91),  we  boL 


Let 


TCS.,£»,^;^,0  *  ~  TUx,*;  +  a(wl  i S, 


(3.94) 


49 


Using  Eqso  (3»9?)  and  (3«93)twe  get 


*  T.  £*l.  t_  ^  I  liiilLbk U,L +u'l/t)  I  Lt) 
K‘  T*'  dt  '  ,  +  Ct 

Simplifying  and  using  Eq„  (  3«58),  we  get 


50 


+  T  t  J 


)+*A?+S?-  (■  -t>r)\C 


(l-WT+C  fl+fcf+c 


i  •  ij5£| 

t  d« 


l  +  ^tK/,X('l-2t'Vt) 


w  - 


Define 


L«)  =  liliikliC  ([-^Ac 
I  (>-&)*+ if  (!  +  k)l+C 


2lt)  --  41'  (huvfiju  |i»f + 

4  t'  i  l+f'+*g£C*,,-M,foj 


*w 

C(i) 


i/a  ?(t;  +  -R(t; 


^^ca-d'iA) 

\i*di 


Using  Eqs.  (3.95).  (3.96),  (3.97)  and  (3.98),  we  get 


ULWi  =  -  t,*t;  t<jit).^t) 

^  Jo 

From  Eq,  (3«84),  we  have 

Ri  M,i  =  -  t,0  i\  i^J" dt  .  t 


(3.95) 

(3.96) 

(3.9?) 

(3.98) 

(3.99) 


(3.99) 


51 


From  Eq.  (3.53) >  we  have 


4  ID  =  - ! _ 

At4*  A-t1-  Lfc.jU 


where 


A  =  _ i 

a  -  -J —  4  _l 

^  =  H  " 

We  have, 


f Ct)  -  jfe)  -  _ Lit _ 

(At11  +  aJtv-4)l+t1" 


.fit)  4  -fit)  =  - 

(At" +Oir  *-£)*  +  tV 


(3.100) 


Adding  up  Eqs.  (3.99)  and  (3.99)  and  using  Eq„  (3.100),  we  get 


l£1M 

^ +  tv 


+ 


*1  j  C  A  tH  4  a>ta  -L)  £  (tj 

(At1*  +  <«-a-  z.)2  +  O- 


(3.100) 
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We  shall  find  now  Lt  ^i\) 

!-»• 

Using  Lt  0  +  *-)  -  *-  for  '>r-<J  ,  we  get 
x*0  « 


Lt  k  ^  !<■  Vt) 

‘  1  +  C+ 

-  h.l'- ’Vi/NL‘,/tc<*^r)| 

From  Eqs.  (3.96)  and  (3.101),  we  have 


=  Lt 

^  >oL 


-  K«.J  I 


»*■  t(M-C+  Wl'1) 

t*Hd 


Hi)  =  <ii  ^L«))  .  .  — _ _ £ _ 

Jo  a  1-  '  t*  i^rj 

r  4f*4  -L  f  <tX.  (^*2  - J - 

****  Ja  4  (!  +  *<  +%  tV 


^  M  •  t  •  ^iCt^  » 

rki  c 


where 


1,W  =  J  Lh  L[aT/-r^ — ;  m  • 

1  (l+C+M^  ( ^ 

From  Eqs.  (3*97)  and  (3.101),  we  have 

Mt)  ^  f  4L  TCfwfv^j.CM./'^LtW)  .  <*{*  i— L - 

° 

_  <(H  ,i 


(3.101) 


(3.102) 


Mi  •  1  (  d<'  TU.f.Ai «-(«'))  ' _ - 

r-  J,  dt  (^7; 


t  m  h* .  i  A(t) 
t 
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where 


=  I dl  .TjSi  ,i‘)  It*  Ltd).  I _  (3.103) 

(f+o 

For  *V*0  ,  substituting  Eq^  (3.102)  and  (3.103)  for  Eq.  (3.100) 


ReCk?  +(ik,r, )  =  ■  U*  1 


(£0+  0Jtv-40  +  tv 


J 


where  1 

and  I 


-  4?  I 

■  t,°c  pi 

(Af  +  atl--4)a+  t"1- 


1  dUt 


(3.104) 

(3.105) 

(3.106) 


Imaginary  part  of 


(yjvp 


Referring  to  Eq.  (3.84) 
s(t’* 

I 


only  t-.  J  Vt/r^-e)- 


contributes 


Sinoe  t  cannot  be  negative,  maximum  /  is  given  by 


M 


0 


or 


A  -  P'-ftV/  - 
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Therefore,  (  varies  from  0  to  ^  . 

Let 

l  =  -tl 

x. 

We  get  from  Eq.  (3=85) 


-  (*,*)  -mtt  H  K  t"t‘  j-7hd) 

(in)3 


lilt 


((X+y-aA  L")  _ 


.  gp* ,  .ul)S f )' ((/tf* l)\ L' ) ' '  -  V*  >■')] 

CiA2  ’  ^  -  ((t-LA/A 


Ht)>  +pjuh  M  )y 

J 


Using  Eq,  (3.58)  and  the  limits  of  /  ,  we  have 


S.V 


t,°  t: 

(2-»)  ■* 


drt,  Afit 


^ji-fy-wt)  +  Lv)  -  +  P  *  K )  +  Lv)  4  (j^lp+V-)+L<)  J 


>-L)V,9'  -  (it - L)\pf 


-f(t)  t 


Jt  = 

J  V-KA. 


In  the  above  expression 
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Using  Eq.  (3.92) „  we  have 

.  H  1 

M  ia  -  -IfT 

(«>a 

+  -  (jdt{i*y)\  l1  )-1  +  L'j  |  • 


.  .rl 

t,°  -t  “  I 


Gift  l 


^  I  [G**?  -^)x+  ^ )  - 


(t  +  l)%  £ 1  (t-gN-g2-  /  -t .  $  $ 


=  -  i.j£  h»-t,#t.c 


((? *  3  L')1  -  L1)  '  4  (C*f  ♦  Jf)  4  Lp 


X 


Now 


(St*^-lt)SL4 


i-  JL'  I  fc-Otf^l  ,  .f  (tj 

L  ^  |  fc-0%  (fc+L)\p'  I 


I 


We  get 


/ 

Jo 


a. 


#-+<*  -Kt+9 


4  *7  |(^  +  Ct  +  L)  | 


od 


and 
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-I  U 


WlJiM 


-k  M 


~  U)  L) 

2. 


~T  CBy  l)  4- 
i 


-^’j£|  (^Nfj  «  Wl 


where 


M  = 


Jl±Jx±U?  »  ffc-0 


\  "J- 


Let 


^  +  (t-L)J  p."  +  (t+g5- 


(3.105) 


T  =  TW/1)-T(m)  +  i  (w  _  u.1  j^i')  (3 .no) 

Using  Eq.  (3.110) „  we  get 


=  -tjil 

(ITT)1  T- 


% 


Comparing  Eqs.  (3.85)  and  3.85).  we  find 

i 


t- 


*4 


^(3k*  =  -i£  t  ^  tr t;  Ate  dju  r  %  y  t  t  ((^m)  > -f 

1  J  L  L  _ 


•i  - 


(0 


We  get  the  imaginary  part  from  the  last  two  expressions , 


%(  Cm:  A,i)  =  -‘•A*  ■  kUXU'Jt  lib 


O  -/ 


where,  we  have  used  the  results  of  Eq,  (3 <>100) 


(3.111) 
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(u.r  H  r 

3.  Computation  o£  nil  .  We  shall  calculate  now  for 

\  .  Referring  to  Eq,  (3.5?) »  we  have 

^4)Ma  =  [[  .  <a>|t,|  <(  xt><  >4  lui*,*)  * 

JJ  W 

*  C%*£eb-  Effk  +tO"'  (3°57) 

Using  Eq.  (3 .83),  we  get 


Hu  - 


BMl 

£2rr)6 


f  it  di  f  ~ 


-<H-itr+ 1 tjjf- fy)f  * 

•  jk [  (£•  v*>,+  e-3)')1-  - 

♦  tw* 

R*(V  + 


where, 


Rc^Mj  =  -8M 


o  rr 


oo 


O*)1* 


at  At 


» f rt:  v^'*  4?/)  - 


(M‘*  <r/v 
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J  J  ^  u 


^nu>)V  (j^rf  +  ^aA  C^r)']  fw-f^ 


X  dltx  +  vy^(t-t)  ++l) 


(3.113) 


n  Hji  r 

We  shall  compute  now  ,  K.fc  -x 
jo  r 

As  for  Ut  n,t  ,  make  the  transformation  4.+i  in  Eq„  (3,112)  and 


t*  4t  ;  >,  «Tt  i  &  -  >*± 

f,  '  i  ^  -P/t  i  f>  *  ;  f,  .  *P/*  • 

in  Eq.  (3*112) 

^  «o  «0  ^  _| 

R.V*  =  - 8iM  hx t :  m’  ft jLt fr, + ?; - gv -C<$w;-oa+ *>;)  - 

w  J  J0  J  ,[ 

^  O  gQ  j 

((^  +>;  f + ^  f  4  &  r>g ) 1  j « j  ^  (tv  ?>  o  4  i>v)  - 

(M I)V  ^“'  +  (^+<>'+  A)"J  1  ^4 - ^ - r- 

VV  M  J  J  I4f,‘4  N/^IV^) 
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Using  Eqs.  (3.89).  (3.91)  and  (3.93).  we  get 


Using  Eq.  (3.94).  we  get 
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Using  Eq.  (3«96)o  we  get 


where 


faLt  [i  $01  +  <Lt)\ _ O 

J  '  J 


(*t1,+(itl4)+e 


(3.114) 


Ut)  = 


(dX  (TUu ^ ,f.  n/i  l i+U^) 

4 1  ^  i+j'f V^a_  a<^ 


(3.115) 


We  shall  compute  now 


For  Eq.  (3.113)  using  the  calculations  given  in  ^  t  we  get 


vV,  . 


2  -n-s 


dLt_4L 


(-5  M 

4L  * 


iV 


I  i.  4.  M  +  I 
!_  4L  d  2  L 


J 


tfiere  M  and  T  and  defined  by  Eqs.  (3.  109)  and  (3.110) 
i.e.  we  have  used  the  result 

r" 

1  d>  [((**>,- -  d^huX+L Lj 
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Using  the  properties  of  fi-function,  we  get 


<)Af,  ,  h  »**:  u  f 


4U4  r  +  TL] 

u  L  ^ 


■fit;  a+j 


+  fl*  +-J  tyUt 
ilR31^7  :^l 


_  -  i  M  tt 

l(2  !t)J 


rj  -  T']  ^W-j 


-  r  r1] 

J  iv  L {>  } 


t--  j  ^cr-r/-^ 


£  varies  from  0  to  <V,  »  .{  1r-l*^ejv  „  as  before 


9*Va 


-  1  M  N  t°  t» 

) 


r  ^ 


f  dfU  f ~j.(L3r)l+  T  1 

J  "I1  U  '  3 


(Kk\oe.L)\  C 


(3.116) 


+  - 


PW^ 
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i  D  Hj  r 

We  shall  find  now  Lt  vt 
Osing  Eq.  (3.101)  in  Eq.  (3.115),  we  find 


*U)  = 


t 

I 


W  CtC <M)\  (,h.' 


•  l  ■  Mt) 
p-*/  t 


where 


K,(i)  = 


90 

1 4i'  i.,  ?, ,s^i'))' 

J=  r  (j*  i- 


Using  Eqs.  (3.102)  and  (3.11?),  we  get  for  =  O 


RtV 


lx  * 


L  (^1(t)+  k.uj 


(3.11?) 


fc  (3.118) 

(At^4<UlA)Sf  tx 
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G.  Summary  ifcft  Calculation*. 

M?!  is  given  by  Eq,  (3.42) 

£ 

For^aO  H|a  is  given  by  Eq.  (3.43) 


v. 


G"*) 


iB  given  by  Eq.  0.7?) 

+*vfe)  is  given  by  Eq.  (3. 100) 

wO  £  A')  is  given  by  Eq.  (3 .111) 

fc**W*a  is  given  by  Eq.  (3.114) 

Sw  is  given  by  Eq.  (3.116) 

For  %=0 

is  given  by  Eq.  (3.104) 

(10  X 

R«.  M,4  ie  given  by  Eq.  (3.118) 

The  matrix  element  for  the  scattering  of  the  K~-meson  from  the 
from  the  deuteron  is  given  by 
M  =  1^  +  +  M°z+  Hn 


(2.22) 
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H.  Correction  to  Elastic  Scattering  Due  Charge  Exchange 
in  the  Intermediate  State.  We  shall  calculate  now  the  contribution 
due  to  charge  exchange 

l.  P-*  +  v\ 

2o  +  YI-*  1C*  +  ? 

We  shall  suppose  that 

t,  -  fc,  for  the  process  1.  (3.119) 

t**  *  for  the  process  2,  (3.120) 

where  l'4*  and  are  constants  and  will  be  determined  in 

'-I  2 

Chapter  VII.  There  is  no  direct  charge  exchange  of  the  K  -meson  with 
the  neutron. 

The  Feynmann  diagram  for  the  charge  exchange  in  the  intermediate 
state  is  shown  in  Fig.  3- 


Figure  3» 

The  matrix  element  for  this  process  is  given  by 


(3.121) 
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=  <  Mi  I  (.E  -  -  £p(  -  t,  /  ^y?  (3.122) 

Unn  is  the  separable  non-loqal-potential  between  the  two  neutrons  in  the 
intermediate  state. 

^  and  are  defined  in  Eqs.  (2.1)  and  (2.2). 

Introducing 


and  similarly  for  in  Bq.  (3.122),  we  get 

^  =  J|[<^lC|%^V);^(^)>  (e  -Epv+-u)', 

-  <*,140  ,  <+?,(>*)  ,  %  ( Cl  Yt)  dL^,  dLZMt 

(jiyJ 

In  writing  the  above  expression,  we  do  not  have  to  consider  the 
Pauli  exclusion  principle,  since  the  additional  terms  obtained  there¬ 
by,  are  already  included  as  part  of  the  single  scattering.  Fig.  4 
represents  such  a  diagram. 


Yi 


Figure  4. 


6? 


This  actually  represents  impulse  approximation  contribution. 

There  is  no  double  scattering  taking  place  at  all  as  the  K  -meson 
is  being  scattered  from  only  one  particle. 

Using  Eqs.  (2.3)  and  (2.4),  we  can  write  Eq.  (3.121)  in  the 
center  of  mass  system.  The  matrix  element  in  the  center  of  mass 
system  is  given  by 

m"  -<i >|C 

where  \  and  ^  are  defined  in  center  of  mass  system. 

In  the  plane  wave  approximation,  we  have 
Gnn  =  G  i  with-  U  =  0 

Proceeding  exactly  as  in  Chapter  II,  we  can  write 

*  OT 


(3.123) 


(3.124) 


Comparing  this  expression  with  Eq. .(2.25) •  we  can 
write 


Md  oi  (3.125) 

it?  t* 

The  factor  of  £  appears  in  the  above  expression  because  in  Fig.  3* 
we  can  not  exchange  the  proton  and  the  neutron  while  the  expressions 
for  (%  ,+  ^  )  includes  the  exchange  of  the  proton  and  the  neutron 

as  shown  in  Eq.  (2.25). 

We  can  define  the  total  contribution  by 

=  M  +  Mu  (3.126) 

The  treatment  for  charge  exchange  is  not  exact,  but  does  give  an  order 


of  magnitude  of  the  correction  to  the  elastic  scattering  cross  sections 


CHAPTER  IV 


NUMERICAL  EVALUATION 

Single  Scattering.  For  any  and  6  =  0 

Mt+Mi.  =■  t*  4  t*  (3.25) 

Double  Scattering.  The  calculations  have  been  done  at 
three  energies  ^  -  o  >  lo  5  and  ^°/c_ 


Bound  State.  The  results  for  the  bound  state  forward 
scattering  are  given  in  Table  I. 

TABLE  I  c 

Values  of  the  matrix  element  Ml? 


t  If  > 

0 

0 

-J 

-  27.4  -  i  0 

105 

.42 

-  16.4  -  i  12.9 

194 

.78 

-  10.1  -  1  13.9 

where  1  =  •  N  t,  t* 


(3.105) 
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Continuum  State.  The  results  for  the  continuum  state 
forward  scattering  are  given  in  Table  U. 

TABLE  II  I 

Values  of  the  matrix  element  Jt.2 


uv 

'■'"K/i 

0 

-5.0  i  0 

18.2  "  10 

-6.1  -i  0 

+14.1  -i  0 

105 

-  5.9  -i  1.7 

21.1  -  i  1,8 

-5.9  -1.34 

18.6  -13.4 

194 

-3.8  -i  2.7 

16.2  -  i  1.0 

-  5.1  -i  1.1 

_ 

14.6  -19.5 

Now 

The  results  for  M  are  given  in  Table  IH. 


TABLE  III 

Values  of  the  matrix  element  K 


M 

0 

t*  +  t*  -  £  (13.3  -iO) 

105 

+  t,  "  t  (  2.2  -116.3) 

194 

i — - 

t?  +  ta  -  2  (  4.4-i23.3) 
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Charge  Exchange.  In  the  plane  wave  approximation,  the  total 
contribution  due  to  charge  exchange  scattering  is  given  in  Table  IV. 

TABLE  IV 

6X 

Values  of  the  matrix  element  M]_2  . 


(Mr“) 

- 1 

i 

°  | 

-  (5.0  +  i 

°)  - 

105 

-  (5-9  +  i 

1.7)  1 

,  ^ 
l 

-  (3.8  +  i 

2.7)  j 

L.. 

Table  V 

T 

Values  of  the  matrix  element  M  . 


1 

| 

T 

M 

0 

+ 

-  f (13 .3-i  0)  -  z(5.0  +  i  0) 

!  105 

0  O 

+  2 (?,2-il6.3)  -  2(5.9+  il.7) | 

1 

194 

t?  +  t^‘ 

+  ?(4.4-i23.3)  -  2(3.3+  i2.7)  ! 

CHAPTER  V 


BRUECKNSt  MODEL 


We  have  shown  in  Chapter  I  that  the  scattering  ampli¬ 
tude  for  the  K  -meson  is  given  by 


[i, 


1  « 
■a 


ai-t'MU. 


VL*/r  \4  +  4  J 

(r.4) 


rtiere 


r  -  )*•  -  M 


We  can  write 

£«  ~  and  Ex  =  “'f/i.  .  • 

We  get 


(5.1) 


71 


72 


(19) 

where 


»-  tWe/’r)'  (5.« 

Since  the  scattering  of  the  K  -meson  from  the  deuteron  can 
take  place  whatever  the  separation  f  and  the  direction  of  f  may 
be,  we  have  to  average  over  and  the  direction  of  £  . 

Anticipating  thf  spherically  symmetrical  wave  function  for  the  deuteron, 
we  can  average  over  the  angles  between  the  f  and  ^  ,  and  f  and 
,  we  get 

=  %  (5.3) 

where 


N  =  i  ^  ’’0  (5.4) 

tf/2  '  f  7f 

[  -  >  F  -  (5.5) 

Q  is  the  angle  of  scattering  of  the  meson  in  the  K  -d  center 
of  mass  system. 

Here,  %  is  the  final  K"  momentum  in  the  K  -d  center  of  mass 
system.  In  the  above  equations,  "^p  and  ^  are  the  K  -P  and  K~-n 
scattering  amplitudes  (in  the  deuteron)  and  are  related  to  the  free 


19 

See  ref.  11 
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K  -nucleon  amplitudes  (  jp  and  f  )  by 


\  ^  \  -  &  -f„  (5.6) 

Where  fM  are  appropriate  reduced  masses,  and  are  given 
in  terms  of  the  scattering  lengths  A0  and  A^  by 


u  = 


fr,  - 


W  A. 
*  V 


.  La. . 


A 

-‘V. 


(3.7) 


Q  is  the  K  -momentum  in  the  K  -  nucleon  center  of  mass 
*0 

system. 


■mp 

'r^k*  ’Wf 


(3.8) 


where  is  the  K  -momentum  in  the  laboratory  system 

The  scattering  amplitude  from  a  deuteron  is  given  by  averaging 
over  all  J-.  Therefore,  the  scattering  amplitude  is 


S(e)  =  <  =  J)o?(fy|xf^p)  df 


(5.9) 
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We  consider  the  contributions  up  to  double  scattering  only 
Double  scattering  approximation. 


where 


-  ^ir\m 


(5.10) 


/yO  *  (?,  >1)  <  i-  Wv  A 

3(8)  -  De  JleJ  +  i  j(e; 


(5.11) 


(U.  J(«)  -  . 

PC1  -»a) 


w'  -  p  4*~  ‘t  +  ^:  +  aj 

n  tp  r  ' 


4C  fli  +  [Vj.  ^>1 

*+p  ^  <* 


_ (&$£+  (MjT 

(***+  fPtDyCjtfi1*  LP+if) 


+  similar  terms  with  %  ~  % 


(5-12) 
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Im  dv0/-  p(i-o(<x)  L  1  ”|  w^+VtH  1 


{U.P,%)-Vi)+  P(44^  4 

'  4olJ-^4fl  'V 


4  similar  terms  with  o(4^  -2(  similar  terms  with  o(  4  <i±P) 

(5.13) 


In  Eq.  (5.13) 


€(* ;A,t)  -  I  ;  Q?-  ^  +  C'<0 

,0  ,  ^-e  +  ?y,o 

(5. 14) 

30 

(  0 )  are  given  in  Table  VI , 

TABLE  VI 

Values  of  the  double  scattering  contribution  g(0) 


(M-fc) 

iw 

0 

.57  +  i  0 

105 

.38  4  i  .24 

194 

.21  4  i  .27 

CHAPTER  VI 


A.  COMPARISON  OF  BRUECKNER  MODEL  WITH  THE  MODEL  GIVEN  IN  CHAPTER  III 

To  compare  the  two  models  we  should  express  and  in  terms 
of  \  and  \  . 

Consider  the  scattering  of  the  K*-meson  from  proton*  The  scatter¬ 
ing  amplitude  is  given  by 

if  =  -to 

IT 

where  ^  and  ^  are  the  momenta  of  the  K  -meson  in  the  center  of  mass 
system  of  K-~P  system. 

t,  *  * 

Therefore, 

ip  =  t,°  <  Vi  s 

lit 

If  the  proton  is  bound  in  the  deuteron,  then  the  effective  ampli¬ 
tude  of  scattering  is 

\  --  1*%., '  *  <5-6) 


t,J£l  \t  -'Si)  (Using  Eq. (2.3)) 

(1.  -  W> 
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since  the  amplitude  /p  is  proportioned  to  the  reduced  mass  of 
the  scattering  particles  s  we  get 
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%  -  -  M  -t0 

iir 


or 


Similarly 


Or  7) 
h*-P  'f 


(6.2) 


i 


C 


Substituting  Eqs.  (6.?)  and  (6.3)  in 


-  Hi  .  -A 

Eq.  (3.105) »  we  get 


(6.3) 


i 


a  M 

pit  p'K.YN 


(?1f’W 


(6.4) 


The  scattering  amplitude  of  the  K  d  scattering  is  defined  by 


Urk  ^  -  tl*  M 


(6.5) 


Considering  only  the  double  scattering  without  charge  exchange  in  the 


intermediate  state,  the  scattering  amplitude  is  given  by 


Jk±  =  -  VlA  (Ma  t  M*  ) 

It 


(6-6) 
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Making  use  of  the  results  for  M,Ct  and  given  in  Tuoles  I 
and  II  in  Eqs.  (6,4)  and  (6.6),  we  can  find  the  values  of 
fi at  various  energies.  These  values  are  given  in 
Table  VII  along  with  the  values  of  f  (  O)  (from  Table  VI)  which 
represents  the  corresponding  expression  in  the  Brueckner  model. 

Neglecting  the  continuum  state  contribution,  we  calculate  the 

/A. 

scattering  amplitude  ifjfi rjf rj  for  double  scattering  due  to 

the  bound  state  of  the  deuteron.  These  values  are  also  given  in 
Table  VII. 


TABLE  VII. 


Comparison  of  the  double  scattering  contribution  given 
by  Brueckner  model  and  the  model  given  in  Chapter  III. 


i 

1 

f'dt 

/l  Vj.fi 
'  V  n 

0 

.93  +  i  0 

! 

1 

.45  +  i  0  i  .57  +  i  0 

105 

.56  +  i.44 

1 

-.07  +  1.55  !  .38  +  1.24 

194 

.36  +  i.47 

1 

1 

1 

-.15  +  i.79  !  .21  +  i.27 

We  conclude,  on  comparing  the  Jrd  and  4th  columns,  that  the  Brueckner 
model  is  quite  unreliable  for  \  7/  looMt$£  ,  especially  for  what  would 

at 

be  the  real  part  of  fKj.  if  *)  and  ^  were  real .  Comparison  with  the  2nd 

P  'n 

column  shows  that  in  some  sense  the  Brueckner  model  approximates  the 
effect  of  the  continuum  s+ates  very  tadly,  agreeing  much  better  with 
just  the  bound  state  contribution.  This  result  seems  reasonable  from  a 
physical  point  cf  view 
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Be  CORRESPONDENCE  BETWEEN  THE  BROECKNER  MODEL  AND  THE  MODEL  GIVEN 

We  can  deduce  the  Brueckner  model  from  the  model  given  in  Chai 
The  K  -d  scattering  amplitude  is  given  by 

rfu,  =  "(ili  +tfc  +  +  + - 

i?  ' 

Using  Eqe  (3«1)„  we  get 

|cp,  *i>  =  j  eL'  "''  ‘ 

-  <V !  I  cp) 

where  Is  defined  in  Eq.  (3.3*0. 

Similarly 

now  ( 20  5 

<<  ,  <Plf)U.4fcj4>W  A)  =  ([a  jt<%>  4  >  b  >  » 

~  JJ  (2r> 

<!/W  +^-U-U  ^0<V4  1^1  «><?:) 

where  E^  and  E^  are  defined  by  Eqs.  (3«^9  and  (3«50). 

Let  us  suppose  that  E^  is  replaced  by  some  average  value  Et 

20 

Taking  U  =  0 


IN  CRAFTER  ■  1„ 

iter  II. 

(6.?) 


(6.8) 

(6.9) 

(6.10) 

and 

(6.11) 
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Using  Eq.  (6.11)  in  Eq.  (6.10),  w<“  get, 


=  f  f  44  JLt  <%  ■  H  +  ic)'* 

(2  i'll  Tc 


<t,4  lts|cp,i> 


Using 


I  it  U/vtl 


,  <4  Stj  * ,%) 


it  -  4  i 


we  get 


-i)  = 


>  r«*  r  ^  v\  ■  ^ 

|lj  |  i*  if  ~  <?!/)  t°'iz  -f/xJ 


(->iiS-)  i  -  _.. 

V  2*  '  h_-. 


t.slW/.)  .((f'je11'-  } 

J 


if  e  (-tgtrt;^  i <wr 

,  i.  W*^')  "f/l  30 

«  '  (-  t-n:t ;J)|<?w) 

^  2T  f» 


(6.12) 


8l 


Similarly 


'\fcgt;t;  y1* )  |  <*) 


(6.13) 


(6.14) 


Substituting  Eqs.  (6.8),  (6.9),  (6.12)  and  (6.13)  in  Eq.  (6.7), 
we  get 

hi  *  -  fej  (fit;  e  *'*,  t;  jut.  t;t- 

Using  Eqs.  (6.1)  and  (5.6),  we  get 

_  ftju  t?  =  "0  (6'15) 

3nt  p 


and 


fc*t:  .  i 

XV  lY 


Substituting  Eqs.  (6.15)  and  (6.16)  in  Eq.  (6.14),  we  get 


(6.16) 


0 


+  e. 


(6.17) 


It  is  obvious  that  Eq.  (6.17)  is  identical  to  the  scattering  ampli¬ 
tude  obtained  by  using  the  Brueckner  model  except  \  is  replaced  by  \  . 
If  E^=  gg,  we  get  ^  =  %  and  two  models  give  the  same  scattering  ampli¬ 
tudes.  It  seems  likely  that  some  choice  of  \  ,  such  that  ^#1  >  might 
give  better  agreement  with  the  results  of  our  model  calculation  (See 
Table  VII,  Columns  3rd  and  4th).  This  would  be  interesting  to  pursue  a 
further  investigation. 


CHAPTER  VII 


COMPARISON  OF  THE  MODEL  GIVEN  IN  CHAPTER  III 
WITH  THE  EXPERIMENTAL  DATA. 

A.  Computation  of  Cross  Sections.  In  this  chapter,  we  shall 
try  to  compute  the  differential,  elastic  and  total  cross  sections. 

As  mentioned  before  in  Chapter  III,  the  matrix  elements  for  any  angle 

I 

between  3  and  %  red'  je  to  the  triple  integrals  which  are  hard  to 
evaluate,  the  differential  cross  section  is  available  only  for  the  for¬ 
ward  scattering.  Consequently  a  rough  estimation  of  the  elastic  cross 
section  is  obtained  by  using  the  relation 


Cd<r~t/d n)  dri 


(7.1) 


where  44Z-H>  is  the  differential  cross  section  in  the  impulse 
approximation. 

The  total  cross  section  is  calculated  by  using  the  optical 
theorem 


<Tr  —  h_rr 


(7.2) 
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The  scattering  lengths  ^p  and  /T|  defined  by  Eq.  (5.7)  are  calcu- 

(21) 

lated  by  using  the  Dalitz  Solutions  for  the  scattering  lengths  in  the 
zero  range  approximation.  The  scattering  lengths  are: 

Sol.  I  Ax  =  .02  +  i  .38  i 

Aq  =  -.22  +  i  .?.?4  / 

Sol.  II  Ax  =  1.20  +  i  .56  / 

Ac  =  -  .59  +  i  .96  i 

The  values  of  V  and  V  defined  by  Eq.  (5.6)  are  given  in 

r  'vf 

Table  VIII. 


TABLE  VIII . 


Values  of  \  and  V  . 

'P  ’r) 


\ 

1 

Sol  •  1 

X  if) 

X(i) 

105 

1 

-  .03  +  i  1.05 

.02  +  i  .41 

11 

.26  +  i  .91 

.90  +  i  .88 

194 

1 

-  .01  ♦  i  .78 

.02  +  i  .37 

11 

.17  +  i  .81 

I 

.59  +  i  .83 

21 

See  refs.  14  and  15 
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Using  the  definitions  of  tp  and  given  in  Eqs.  (6.2)  and  (6.3) 
and  the  results  given  in  Tables  III  and  VUI,  we  can  find  the  scatter¬ 
ing  amplitudes  .  The  results  are  given  in  Table  IX. 

TABLE  IX. 

Numerical  values  of  the  scattering  amplitudes. 


\C£) 

Sol. 

1 — 

1 

h! 

3 

Hi 

105 

I 

.05  +  i  1.29 

II 

•33  +  i  1.38 

194 

I  I 

.08  +  i  .93 

II 

t 

_ 

!  .12  +  i  .89 

1 

1 

_ 

(22) 

The  differential,  elastic  and  total  cross  sections  are  given  in 
Table  X.  The  elastic  cross  section  is  calculated  by  using  Eq.  (7.1) . 

TABLE  X. 


Values  of  the  elastic  and  total  cross  sections. 


\  («£) 

Sol. 

I 

0-T 

105 

I 

mt- 

5* 

16.7 

1 

110 

383 

11 

20.1 

132 

410 

194 

I 

8.7 

150 

II 

8.0 

31 

142 

L - 

— 

_ _ 

------  — 

-  _ 

22 

As  the  coulomb  interaction  is  significant  at  low  energies,  the 
cross  sections  are  not  calculated  at  o  . 
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B.  Contribution  Due  to  Charge  Exchange.  The  scattering  ampli¬ 
tude  for  the  process 

je."  +  P  +  ri 


is  given  by 


4, 


-  ^  yt 


\A, 


It  is  obvious  that  for  the  inverse  process 

K°  +  ->  K  +  P 


we  have 


& 


■fp 


The  corresponding  expressions  for  \  are  given  by  Eq.(5«6)  with 

r  'n 

/p  and  /,  replaced  by  4  and  •/„ 

The  order  of  magnitude  of  the  contribution  due  to  charge  exchange 
in  the  intermediate  state  can  be  estimated  easily.  We  can  write  the 
elastic  cross  section  as 


(7“e^  1  + 

O’ui 

m*  + 

<-*  i  ~L 

MdL  1 

—  + 

Md  | 

1  +  5L  U 

(7.3) 


K.oui  ..C. 

where  na_  = 

lx 

and  Ma  - 


►v 
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Using  plane  wave  approximation  in  the  evaluations  of  M?*  the 
_ d _  o 

values  of  2  Re  w  ±  word  at  0  r  0  are  calculated  by  using  the 

Imp  T  d 

Tables  III  and  17.  The  results  are  given  in  Table  XI. 

TABLE  XI. 

Ratio  of  the  charge  exchange  scattering  to  ordinary  scattering. 


ma 

Sol. 

- sa8*— 

2  Re  Min©  +  MS™ 

105 

I 

-  .24 

II 

.25 

194 

I 

-  .17 

II 

.18 

It  is  obvious  from  Table  XI,  that  the  contribution  due  to  charge 
exchange  in  the  intermediate  state  is  small  compared  to  the  ordinary 
scattering  contribution.  However,  if  anything  approaching  say  20 % 
accuracy  in  computing  cross  sections  is  desired,  these  effects  mould 
have  to  be  included. 

If  m  take  die  plane  wave  approximation  in  the  charge  exchange 
contribution,  we  can  calculate  the  cross  sections  using  the  Table  ▼. 
The  results  are  given  in  Table  XII. 
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TABLE  XII, 

The  cross  sections  including  virtual  charge  exchangee 


\ 

Sol. 

fu  (f) 

ti0’> 

<Tjl 

105 

I 

-.28  +  i  1.15 

14.0 

Tn 

92 

342 

II 

.82  +  i  1.44 

27.5 

O 

00 

H 

428  | 

194 

I 

-.01  +  1  .86 

7.4 

29 

CO 

r\ 

iH 

i 

i 

II 

.21  +  i  .?6 

Q  7 

y  •  ' 

; 

U> 

CD 

■  154  1 

i 
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C.  Break  up  Cross  Sections  and  Comparison  with  the  Experimental 
Results •  A  crude  estimation  of  the  absorption  cross  section  of  th^ 
K“-nucleon  is  made  and  the  results  are  given  in  Tables  XIII.  We  shall 
take  «_k  at 

&dL  4.  (7^ 


where 

and 


tst*/.  e,L 

=  (r>  _  jj, 

(Hr\  —  0"ri  — 


al 

Using  the  Table  XII,  the  results  for  (  CTj  -  01^  )  are  also  given  ir. 

Table  XIII. 


TABLE  XIII. 

ulC- 

Values  of  (  <Tt  -°JL  ). 


Sol. 

ajL 

* 

1  f. 

* *JU  i 

<^L 

aJL~ 

°~-r  -  (Tot 

rpi* 

y^L. 

y*L 

rrt 

105 

I 

181 

106 

287 

55 

II 

155 

125 

280 

.148 

194 

I 

67 

48 

115 

23 

II 

66 

44 

no 

44 

We  have 

<7-7-  o~ii  ic  4- oL  ->  k  +  +  ct(k;  +j.  ^  Yi  +  f)  +  cr i k  -*• 1  ■+  K“  +  ^  +  n j 


+  0~  Tolu-i-ko^  ) 


—  <r*t  (  *  +  1  K  +c0  +  C  I1*  d  n  +  n  +  (>) 


<xj- 

Ti 


Therefore 


C"r  —  (Tj.  -  +0~CK_+dL  (7.4) 
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(23) 

The  experimental  data  '  for  the  total  cross  sections  for  the 
reactions  k”  +  dl  te  +  d. 

and  A  -»  +  Y  *  f> 

is  given  in  Table  XIV., 

TABLE  XIV. 

The  experimental  data  and  the  theoretical  values  for  the  total 
cross  sections  for  the  reactions  K’+  A  +  d  and  k'+  J  ->  k  *  "o 


23 

L.  Alvarez,  Proceedings  of  the  Ninth  International  Annual  Conference 
on  High  Energy  Physics  (Academy  of  Sciences,  U.S.S.R.,  i960)  p.  471 
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D.  Concilia ic  us  A  study  c f  tt.-_  Table  XIV  shows  that  the  Dalitz 

Solution  II  is  mere  favorable  compared  to  the  Solution  I, 

.It  should  be  emphasized  that  some  of  the  estimates  made  to  get  the 

comparison  with  the  data  have  been  extremely  crude.  They  have  been  made 

only  for  illustration  purposes.  A  mere  serious  test  and  application  of 

the  model  in  question  would  require  the  computations  for  other  angles 

than  0°  of  the  elastic  amplitude  including  a  more  careful  estimate  of 

the  virtual  charge  exchange  -  and  this  could  certainly  be  done  by  machine 

calculation  -  as  well  as  a  direct  computation  of  the  break-up  cross  section 

0“(k‘+A-»  k  +  m  within  the  framework  of  this  model.  Again,  this 

seems  feasible  and  the  results  obtained  in  this  thesis  would  seem  to  justify 

further  work  along  this  line  Our  conclusion  that  Solution  II  is  favored 

( 2/  ) 

by  the  deuterium  data  is  the  same  as  that  reached  recently  by  Cha-ntf ' 

and  Dalitz  who  have  studied  the  same  problem  by  an  entirely  different 

method  which  is,  however,  closely  related  to  the  Brueckner  model,  binding 

and  recoil  corrections  being  neglected.  Our  results  (Table  VII)  for  the 

double  scattering  part  of  the  amplitude  in  a  model  in  which  such  corrections 

(2.5) 

have  been  included  do  not  support  the  conjecture  of  Cflaitd  that  corrections 
of  this  kind  are  unlikely  to  be  important. 


24 

Private  communication. 

25 

R.  Chattd:  Thesis  on  K  -Deuterium  Interactions  -  University  of  Chicago. 
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APPENDIX 

Evaluation  of  the  integral  (3.89) 


We  shall  evaluate  the  Integral 


°  Q? + * ' + 

Since 

I  =  _ l_ _ 

Ca  +  s-gS#,  tk)1- 


Therefore,  we  get 


^y-iO^Vx) 


o 


-U 

U 


L  ^  +  s-to-fc). 


%  C>+0‘+  (i-V)1 

>i  ^  +  +  L  O+'VJ.-fc* 

-  ('-VO 


l+£  I 
'-Vi 


t  L(ya  “ 


-i 


■U*' 


iMj) 


(A.l) 
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For  &  K.  1  ,  we  get 

Of+f)  -  L0-V0 


(y+z)  +  <-0-^/0  j 

■  Cr^'t  6-k)v  ^ 

>i  ^  |^+O  +  0-^|  +  LArkl  - 

0  -JO 

*  -4»aw  |Y+^  I 

!'-VJ 


*  +  0-  !tfj  +  L(V  ^  1 $f-^l)  •  (A.2) 

From  Eqa.  (A.l)  and  (A.2),  we  get  for  /.  <.  "1 


ct*s)'  +  % 
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From  Eqs<>  (A„l)  and  (A„3) »  we  get  for  £72 


where  T  ( f ,  l  )  is  defined  in  Eqs.  (3.90a)  and  (3.90b) 
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